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Two classic sorting algorithms: mergesort and quicksort

Critical components in the world’s computational infrastructure. 

・Quicksort honored as one of top 10 algorithms of 20th century 
in science and engineering. 

 
Mergesort.  

 
 
 
 
Quicksort.  

...

...



Q U I C K  S O R T  



H I G H  L E V E L  B U I L D  U P   
S O M E  I N T U I T I O N



High level build up some intuition

What if we took each element one a time: 

・Found it’s place in the array.  

・As searching for it’s place in the array moved all stuff less than it to the 

left. 
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Quicksort

Basic plan. 

・Shuffle the array. 

・Partition so that, for some j  

– entry a[j] is in place 

– no larger entry to the left of j 

– no smaller entry to the right of j 

・Sort each subarray recursively.

Q  U  I  C  K  S  O  R  T  E  X  A  M  P  L  E

K  R  A  T  E  L  E  P  U  I  M  Q  C  X  O  S

E  C  A  I  E  K  L  P  U  T  M  Q  R  X  O  S

A  C  E  E  I  K  L  P  U  T  M  Q  R  X  O  S

A  C  E  E  I  K  L  M  O  P  Q  R  S  T  U  X

A  C  E  E  I  K  L  M  O  P  Q  R  S  T  U  X

not greater not less

partitioning item

input

shuffle

partition

sort left

sort right

result

Quicksort overview



・Invented quicksort to translate Russian into English. 

・Learned Algol 60 (and recursion). 

・Implemented quicksort.

Tony Hoare
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Tony Hoare 
1980 Turing Award
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A L G O R I T H M  61 
P R O C E D U R E S  F O R  R A N G E  A R I T H M E T I C  
ALLAN GIBB* 
U n i v e r s i t y  of A l b e r t a ,  C a l g a r y ,  A l b e r t a ,  C a n a d a  

b e g i n  
p r o c e d u r e  RANGESUM (a, b, c, d, e, f); 

rea l  a , b , c , d , e , f ;  
c o m m e n t  The term "range number"  was used by P. S. Dwyer, 
Linear Computations (Wiley, 1951). Machine procedures for 
range ari thmetic were developed about 1958 by Ramon Moore, 
"Automatic  Error  Analysis in Digital Computa t ion ,"  LMSD 
Report  48421, 28 Jan. 1959, Lockheed Missiles and Space Divi- 
sion, Palo Alto, California, 59 pp. If a _< x -< b and c ~ y ~ d, 
then RANGESUM yields an interval  [e, f] such tha t  e =< (x + y) 

f. Because of machine operation (truncation or rounding) the 
machine sums a -4- c and b -4- d may not provide safe end-points  
of the output  interval.  Thus RANGESUM requires a non-local 
real procedure ADJUSTSUM which will compensate for the 
machine ari thmetic.  The body of ADJUSTSUM will be de- 
pendent  upon the type of machine for which it is wri t ten and so 
is not given here. (An example, however, appears below.) I t  
is assumed tha t  ADJUSTSUM has as parameters  real v and w, 
and integer i, and is accompanied by a non-local real procedure 
CORRECTION which gives an upper bound to the magnitude 
of the error involved in the machine representat ion of a number. 
The output  ADJUSTSUM provides the left end-point  of the 
output  interval of RANGESUM when ADJUSTSUM is called 
with i = --1, and the right end-point  when called with i = 1 
The procedures RANGESUB, RANGEMPY,  and RANGEDVD 
provide for the remaining fundamental  operations in range 
ari thmetic.  RANGESQR gives an interval within which the 
square of a range nmnber  must lie. RNGSUMC, RNGSUBC, 
RNGMPYC and RNGDVDC provide for range ari thmetic with 
complex range arguments,  i.e. the real and imaginary parts 
are range numbers~ 
b e g i n  

e :=  ADJUSTSUM (a, c, - 1 ) ;  
f : =  ADJUSTSUM (b, d, 1) 

e nd  RANGESUM; 
p r o c e d u r e  RANGESUB (a, b, c, d, e, f) ; 

real  a, b ,c ,  d ,e ,  f; 
c o m m e n t  RANGESUM is a non-local procedure; 
b e g i n  

RANGESUM (a, b, - d ,  --c, e, f) 
end  RANGESUB ; 
p r o c e d u r e  RANGEMPY (a, b, c, d, e, f); 

real  a, b, c, d, e, f; 
c o m m e n t  ADJUSTPROD,  which appears at the end of this 
procedure, is analogous to ADJUSTSUM above and is a non- 
local real procedure. MAX and MIN find the maximum and 
minimum of a set of real numbers and are non-local; 
b e g i n  

rea l  v, w; 
i f  a < 0 A  c => 0 t h e n  

1: b e g i n  
v : = c ;  c : = a ;  a : = v ;  w : = d ;  d : = b ;  b : = w  

end  1; 
i f  a => O t h e n  

2: b e g i n  
i f  c >= 0 t h e n  

3 :beg in  
e : =  a X e ; f  :=  b X d ; g o t o 8  

en d  3 ; 
e : = b X c ;  
i f d  ~ 0 t h e n  

4: b e g i n  
f : = b X d ;  g o t o 8  

en d  4; 
f : = a X d ;  g o t o 8  

5: e n d  2; 
i f b  > 0 t h e n  

6: b e g i n  
i f  d > 0 t h e n  
b e g i n  

e :=  MIN(a  X d, b X c); 
f : =  MAX(a X c , b  X d); go t o 8  

e n d  6; 
e : =  b X  c; f : =  a X  c; go t o 8  

e n d  5; 
f : = a X c ;  
i f  d _-< O t h e n  

7: b e g i n  
e : = b X d ;  g o t o 8  

e n d  7 ; 
e : = a X d ;  

8: e : =  ADJUSTPROD (e, - 1 ) ;  
f := ADJUSTPROD (f, 1) 

e n d  RANGEMPY;  
p r o c e d u r e  RANGEDVD (a, b, c, d, e, f) ; 

real  a, b, c, d, e, f; 
c o m m e n t  If the range divisor includes zero the program 
exists to a non-local label "zerodvsr" .  RANGEDVD assumes a 
non-local real procedure ADJUSTQUOT which is analogous 
(possibly identical) to ADJUSTPROD;  
b e g i n  

i f  c =< 0 A d ~ 0 t h e n  go to zer0dvsr; 
i f  c < 0 t h e n  

1: b e g i n  
i f b  > 0 t h e n  

2: b e g i n  
e : =  b /d ;  go t o 3  

e n d  2; 
e : =  b /c ;  

3: i f a  -->_ 0 t h e n  
4: b e g i n  

f : =  a /c ;  go to  8 
e n d  4; 
f : =  a /d ;  go to  8 

e nd  1 ; 
i f  a < 0 t h e n  

5: b e g i n  
e : =  a/c;  go t o 6  

e nd  5 ; 
e : =  a /d ;  

6: i f b  > 0 t h e n  
7: b e g i n  

f : =  b/c ;  go t o 8  
e n d  7 ; 
f : =  b /d ;  

8: e :=  ADJUSTQUOT (e, - 1 ) ;  f : =  ADJUSTQUOT (f,1) 
end  RANGEDVD ; 
p r o c e d u r e  RANGESQR (a, b, e, f); 

rea l  a, b, e, f; 
c o m m e n t  ADJUSTPROD is a non-10cal procedure; 
b e g i n  

i f  a < 0 t h e n  

C o m m u n i c a t i o n s  o f  t h e  &CM 319 

n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  n o t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sm a l l  no r  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  se t  of v a l u e s  of Pnm(X) if X is nea r  
1.0 or ix is n ea r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as sma l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  Howev e r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
×Q [ 0 ] +  ( 3 i - i× i - 2 )×q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 do  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t h e  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  

a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I and  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  wh ich  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va lue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va l ue s  of t he  e l e m e n t s  of t h e  a r r a y  in s u c h  a 
way  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p rocedu r e  uses  an  in tege r  p r oc e du re  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p r oce du re  exchange ,  w h ic h  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

change :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 

p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  
a r r a y  A; i n t e g e r  M , N ;  

c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  ave r age  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  ave r age  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on any  ac tua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 
p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  

a r r a y  A; i n t e g e r  M , N , K ;  
c o m m e n t  F i n d  will a s s ign  to A [K] t he  va l u e  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  e n t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  

C o m m u n i c a t i o n s  o f  t h e  A C M  321 

Communications of the ACM (July 1961)



・Invented quicksort to translate Russian into English. 

・Learned Algol 60 (and recursion). 

・Implemented quicksort.

“ There are two ways of constructing a software design: One way is
    to make it so simple that there are obviously no deficiencies, and
   the other way is to make it so complicated that there are no obvious
   deficiencies. The first method is far more difficult. ”

Tony Hoare
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“ I call it my billion-dollar mistake. It was the invention of the null
   reference in 1965…  This has led to innumerable errors,
   vulnerabilities, and system crashes, which have probably caused
   a billion dollars of pain and damage in the last forty years. ”

Tony Hoare 
1980 Turing Award
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Quicksort partitioning demo

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]).   

– (Things to left are smaller)  

・Scan j from right to left so long as (a[j] > a[lo]). 

– (Things to right are larger) 

・Exchange a[i] with a[j]. 

– One nothing left smaller and nothing is bigger and they are not  
the same it means:  

– (Something of the left is larger that something on right so swap) 

lo

K R A T E L E P U I M Q C X O S

i j
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lo

K R A T E L E P U I M Q C X O S

i j

stop i scan because a[i] >= a[lo]
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・Exchange a[i] with a[j].

lo

K C A I E E L P U T M Q R X O S

i j



Quicksort partitioning demo

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]). 

・Scan j from right to left so long as (a[j] > a[lo]). 

・Exchange a[i] with a[j].

lo

K C A I E E L P U T M Q R X O S

i j

stop i scan because a[i] >= a[lo]



Quicksort partitioning demo

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]). 

・Scan j from right to left so long as (a[j] > a[lo]). 

・Exchange a[i] with a[j].

lo

K C A I E E L P U T M Q R X O S

ij

stop j scan because a[j] <= a[lo]



Quicksort partitioning demo

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]). 

・Scan j from right to left so long as (a[j] > a[lo]). 

・Exchange a[i] with a[j]. 

When pointers cross. 

・Exchange a[lo] with a[j].

lo

K C A I E E L P U T M Q R X O S

ij

pointers cross: exchange a[lo] with a[j]

Intuition: everything to left of J



Quicksort partitioning demo

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]). 

・Scan j from right to left so long as (a[j] > a[lo]). 

・Exchange a[i] with a[j]. 

When pointers cross. 

・Exchange a[lo] with a[j].

lo

E C A I E K L P U T M Q R X O S

hij

partitioned!



 31

Quicksort partitioning demo

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]). 

・Scan j from right to left so long as (a[j] > a[lo]). 

・Exchange a[i] with a[j]. 

When pointers cross. 

・Exchange a[lo] with a[j].

lo

E C A I E K L P U T M Q R X O S

hij

partitioned!

Not greater Than K Not less than K



H O W  W O U L D  W E  
I M P L E M E N T  T H I S ?

What are the invariants?
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Quicksort:  Java code for partitioning

private static int partition(Comparable[] a, int lo, int hi) 
{ 
   int i = lo, j = hi+1; 
   while (true) 
   { 
      while (less(a[++i], a[lo])) 
         if (i == hi) break; 

      while (less(a[lo], a[--j])) 
         if (j == lo) break; 
      
      if (i >= j) break; 
      exch(a, i, j); 
   } 

   exch(a, lo, j); 
   return j; 
} 

swap with partitioning item

check if pointers cross

find item on right to swap

find item on left to swap

swap

return index of item now known to be in place

i

! v" v

j

v

v

lo hi

lo hi

v

! v" v

j

before

during

after

Quicksort partitioning overview

i

! v" v

j

v

v

lo hi

lo hi

v

! v" v

j

before

during

after

Quicksort partitioning overview

i

! v" v

j

v

v

lo hi

lo hi

v

! v" v

j

before

during

after

Quicksort partitioning overview
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Quicksort:  Java implementation

public class Quick 
{ 
   private static int partition(Comparable[] a, int lo, int hi) 
   {  /* see previous slide */  } 

   public static void sort(Comparable[] a) 
   { 
      StdRandom.shuffle(a); 
      sort(a, 0, a.length - 1); 
   } 

   private static void sort(Comparable[] a, int lo, int hi) 
   { 
      if (hi <= lo) return; 
      int j = partition(a, lo, hi); 
      sort(a, lo, j-1); 
      sort(a, j+1, hi); 
  } 
} 

shuffle needed for 
performance guarantee 

(stay tuned)



Quicksort trace
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 lo   j  hi   0  1  2  3  4  5  6  7  8  9 10 11 12 13 14 15
              Q  U  I  C  K  S  O  R  T  E  X  A  M  P  L  E
              K  R  A  T  E  L  E  P  U  I  M  Q  C  X  O  S 
  0   5  15   E  C  A  I  E  K  L  P  U  T  M  Q  R  X  O  S  
  0   3   4   E  C  A  E  I  K  L  P  U  T  M  Q  R  X  O  S  
  0   2   2   A  C  E  E  I  K  L  P  U  T  M  Q  R  X  O  S  
  0   0   1   A  C  E  E  I  K  L  P  U  T  M  Q  R  X  O  S  
  1       1   A  C  E  E  I  K  L  P  U  T  M  Q  R  X  O  S  
  4       4   A  C  E  E  I  K  L  P  U  T  M  Q  R  X  O  S  
  6   6  15   A  C  E  E  I  K  L  P  U  T  M  Q  R  X  O  S  
  7   9  15   A  C  E  E  I  K  L  M  O  P  T  Q  R  X  U  S  
  7   7   8   A  C  E  E  I  K  L  M  O  P  T  Q  R  X  U  S  
  8       8   A  C  E  E  I  K  L  M  O  P  T  Q  R  X  U  S  
 10  13  15   A  C  E  E  I  K  L  M  O  P  S  Q  R  T  U  X  
 10  12  12   A  C  E  E  I  K  L  M  O  P  R  Q  S  T  U  X  
 10  11  11   A  C  E  E  I  K  L  M  O  P  Q  R  S  T  U  X  
 10      10   A  C  E  E  I  K  L  M  O  P  Q  R  S  T  U  X  
 14  14  15   A  C  E  E  I  K  L  M  O  P  Q  R  S  T  U  X  
 15      15   A  C  E  E  I  K  L  M  O  P  Q  R  S  T  U  X 
  
              A  C  E  E  I  K  L  M  O  P  Q  R  S  T  U  X 

no partition
 for subarrays

 of size 1

initial values

random shuffle

result

Quicksort trace (array contents after each partition)



Quicksort animation
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http://www.sorting-algorithms.com/quick-sort

50 random items
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Quicksort:  implementation details

Partitioning in-place.  Using an extra array makes partitioning easier  
(and stable), but is not worth the cost. 

 
Preserving randomness.  Shuffling is needed for performance guarantee. 

Equivalent alternative.  Pick a random partitioning item in each subarray.
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Quicksort:  empirical analysis

Running time estimates: 

・Home PC executes 108 compares/second. 

・Supercomputer executes 1012 compares/second. 

 
 
 
 
 
 
 
 
 
 
 
Lesson 1.  Good algorithms are better than supercomputers. 

Lesson 2.  Great algorithms are better than good ones.

insertion sort (N2) mergesort (N log N) quicksort (N log N)

computer thousand million billion thousand million billion thousand million billion

home instant 2.8 hours
317 

years
instant 1 second 18 min instant 0.6 sec 12 min

super instant 1 second 1 week instant instant instant instant instant instant
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Quicksort:  best-case analysis

Best case.  Number of compares is ~ N lg N.

random shuffle

initial values

We will show this during our recurrence
Master method lecture



Worst case.  Number of compares is ~ ½ N 2 .
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Quicksort:  worst-case analysis

random shuffle

initial values



I S  I T  S TA B L E ?



 
Proposition.  Quicksort is not stable. 

Pf.  [ by counterexample ]
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Quicksort properties

0 1 2 3

B1 C1 C2 A1

B1 C1 C2 A1

B1 A1 C2 C1

A1 B1 C2 C1

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]). 

・Scan j from right to left so long as (a[j] > a[lo]). 

・Exchange a[i] with a[j]. 

When pointers cross. 

・Exchange a[lo] with a[j].

C1 and C2 are  
not out of order



I M P R O V E M E N T S ?



Insertion sort small subarrays. 

・Even quicksort has too much overhead for tiny subarrays. 

・Cutoff to insertion sort for ≈ 10 items.

 private static void sort(Comparable[] a, int lo, int hi) 
 { 
    if (hi <= lo + CUTOFF - 1) 
    { 
       Insertion.sort(a, lo, hi); 
       return; 
    } 
    int j = partition(a, lo, hi); 
    sort(a, lo, j-1); 
    sort(a, j+1, hi); 
 }

 44

Quicksort:  practical improvements
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Quicksort:  practical improvements

Median of sample. 

・Best choice of pivot item = median. 

・Estimate true median by taking median of sample. 

・Median-of-3 (random) items.

 private static void sort(Comparable[] a, int lo, int hi) 
 { 
    if (hi <= lo) return; 

    int median = medianOf3(a, lo, lo + (hi - lo)/2, hi); 
    swap(a, lo, median); 

    int j = partition(a, lo, hi); 
    sort(a, lo, j-1); 
    sort(a, j+1, hi); 
 }



Quicksort with median-of-3 and cutoff to insertion sort:  visualization
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partitioning element

Quicksort with median-of-3 partitioning and cutoff for small subarrays

input

result

result of
first partition

left subarray
partially sorted

both subarrays 
partially sorted



Q U I C K  S E L E C T  
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Selection

Goal.  Given an array of N items, find the kth smallest item. 

Ex.  Min (k = 0), max (k = N - 1), median (k = N / 2). 
 
Applications. 

・Order statistics. 

・Find the "top k." 

Use theory as a guide. 

・Easy N log N upper bound.  How? 

・Easy N upper bound for k = 1, 2, 3.  How? 

・Easy N lower bound.  Why?



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.
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Quick-select

public static Comparable select(Comparable[] a, int k) 
{ 
    StdRandom.shuffle(a); 
    int lo = 0, hi = a.length - 1; 
    while (hi > lo) 
    { 
       int j = partition(a, lo, hi); 
       if      (j < k) lo = j + 1; 
       else if (j > k) hi = j - 1; 
       else            return a[k]; 
    } 
    return a[k]; 
}

i

! v" v

j

v

v

lo hi

lo hi

v

! v" v

j

before

during

after

Quicksort partitioning overview

if a[k] is here 
set hi to j-1

if a[k] is here 
set lo to j+1



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.
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Quick-select demo

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

50 21 28 65 39 59 56 22 95 12 90 53 32 77 33

select element of rank k = 5

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.
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Quick-select demo

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

50 21 28 65 39 59 56 22 95 12 90 53 32 77 33

partition on leftmost entry

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

22 21 28 33 39 32 12 50 95 56 90 53 59 77 65
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Quick-select demo

partitioned array

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

22 21 28 33 39 32 12 50 95 56 90 53 59 77 65
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Quick-select demo

can safely ignore right subarray

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

22 21 28 33 39 32 12 50 95 56 90 53 59 77 65
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Quick-select demo

partition on leftmost entry

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12 21 22 33 39 32 28 50 95 56 90 53 59 77 65

 55

Quick-select demo

partitioned array

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12 21 22 33 39 32 28 50 95 56 90 53 59 77 65
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Quick-select demo

can safely ignore left subarray

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12 21 22 33 39 32 28 50 95 56 90 53 59 77 65
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Quick-select demo

partition on leftmost entry

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12 21 22 32 28 33 39 50 95 56 90 53 59 77 65
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Quick-select demo

partitioned array

k = 5



Partition array so that: 

・Entry a[j] is in place. 

・No larger entry to the left of j. 

・No smaller entry to the right of j. 

Repeat in one subarray, depending on j; finished when j equals k.
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Quick-select demo

stop: partitioning item is at index k

k = 5

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12 21 22 32 28 33 39 50 95 56 90 53 59 77 65



W H AT  A B O U T  T H E  D U P L I C AT E  
K E Y  P R O B L E M   F R O M  E A R L I E R
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Duplicate keys

Often, purpose of sort is to bring items with equal keys together. 

・Sort population by age. 

・Remove duplicates from mailing list. 

・Sort job applicants by college attended. 

 Typical characteristics of such applications. 

・Huge array. 

・Small number of key values.

Chicago  09:00:00
Phoenix  09:00:03
Houston  09:00:13
Chicago  09:00:59
Houston  09:01:10
Chicago  09:03:13
Seattle  09:10:11
Seattle  09:10:25
Phoenix  09:14:25
Chicago  09:19:32
Chicago  09:19:46
Chicago  09:21:05
Seattle  09:22:43
Seattle  09:22:54
Chicago  09:25:52
Chicago  09:35:21
Seattle  09:36:14
Phoenix  09:37:44

Chicago 09:00:00
Chicago 09:00:59
Chicago 09:03:13
Chicago 09:19:32
Chicago 09:19:46
Chicago 09:21:05
Chicago 09:25:52
Chicago 09:35:21
Houston 09:00:13
Houston 09:01:10
Phoenix 09:00:03
Phoenix 09:14:25
Phoenix 09:37:44
Seattle 09:10:11
Seattle 09:10:25
Seattle 09:22:43
Seattle 09:22:54
Seattle 09:36:14

Chicago 09:25:52
Chicago 09:03:13
Chicago 09:21:05
Chicago 09:19:46
Chicago 09:19:32
Chicago 09:00:00
Chicago 09:35:21
Chicago 09:00:59
Houston 09:01:10
Houston 09:00:13
Phoenix 09:37:44
Phoenix 09:00:03
Phoenix 09:14:25
Seattle 09:10:25
Seattle 09:36:14
Seattle 09:22:43
Seattle 09:10:11
Seattle 09:22:54

Stability when sorting on a second key

sorted

sorted by time sorted by city (unstable) sorted by city (stable)

NOT
sorted

key
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Duplicate keys

Quicksort with duplicate keys.  Algorithm can go quadratic unless 

partitioning stops on equal keys! 

 
 
 
 
 
 
 
 
Caveat.  Some textbook (and commercial) implementations 
go quadratic when many duplicate keys.

S T O P O N E Q U A L K E Y S

swap if we don't stop 
on equal keys

if we stop on 
equal keys



What is the result of partitioning the following array?  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A A A A A A A A A A A A A A A A

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] <= a[lo]). 

・Scan j from right to left so long as (a[j] => a[lo]). 

・Exchange a[i] with a[j].

lo i
j

Don’t stop scan on equal keys

When pointers cross. 

・Exchange a[lo] with a[j].



What is the result of partitioning the following array?  
 
 
 

A.  

B.

C.
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A A A A A A A A A A A A A A A A

A A A A A A A A A A A A A A A A

A A A A A A A A A A A A A A A A

A A A A A A A A A A A A A A A A



What is the result of partitioning the following array?  
 
 
 

A.  

B.

C.
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A A A A A A A A A A A A A A A A

A A A A A A A A A A A A A A A A

A A A A A A A A A A A A A A A A

A A A A A A A A A A A A A A A A



What is the result of partitioning the following array?  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A A A A A A A A A A A A A A A A

Repeat until i and j pointers cross. 

・Scan i from left to right so long as (a[i] < a[lo]). 

・Scan j from right to left so long as (a[j] > a[lo]). 

・Exchange a[i] with a[j].

lo i
j

What if we stop on equal keys

When pointers cross. 

・Exchange a[lo] with a[j].



Partitioning an array with all equal keys
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Duplicate keys:  the problem

Recommended.  Stop scans on items equal to the partitioning item. 
Consequence.  ~ N lg N compares when all keys equal. 

 
 
 
Mistake.  Don't stop scans on items equal to the partitioning item. 
Consequence.   ~ ½ N 2 compares when all keys equal. 

 
 
 
 
Desirable.  Put all items equal to the partitioning item in place.
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B A A B A B B B C C C        A A A A A A A A A A A

B A A B A B C C B C B        A A A A A A A A A A A

A A A B B B B B C C C        A A A A A A A A A A A



T H R E E  W AY  PA R T I T I O N S



Goal.  Partition array into three parts so that: 

・Entries between lt and gt equal to the partition item. 

・No larger entries to left of lt. 

・No smaller entries to right of gt. 

 
 
 
 
 
 
 
 
 
Dutch national [Edsger Dijkstra] 

・Conventional wisdom until mid 1990s:  not worth doing. 

・Now incorporated into C library qsort() and Java 6 system sort.
 70

3-way partitioning

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (put items small than the pivot to the left of lt) 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (put items greater than the pivot to the right of gt)  

– (a[i] == v):  increment I 

– (make region bigger) 
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Dijkstra 3-way partitioning demo

lo

P A B X W P P V P D P C Y Z

hi

lt gt

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

i

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

lo

P A B X W P P V P D P C Y Z

hi

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

P A B X W P P V P D P C Y Z

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

A P B X W P P V P D P C Y Z

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

A B P X W P P V P D P C Y Z

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

A B P Z W P P V P D P C Y X

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

A B P Y W P P V P D P C Z X

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

A B P C W P P V P D P Y Z X

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 

– (a[i]  > v):  exchange a[gt] with a[i]; decrement gt 

– (a[i] == v):  increment i

Dijkstra 3-way partitioning demo

A B C P W P P V P D P Y Z X

lt gti

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning

invariant



・Let v be partitioning item a[lo]. 

・Scan i from left to right. 

– (a[i]  < v):  exchange a[lt] with a[i]; increment both lt and i 
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Dijkstra 3-way partitioning demo
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3-way quicksort:  visual trace

equal to partitioning element

Visual trace of quicksort with 3-way partitioning
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A beautiful mailing list post (Yaroslavskiy, September 2011)

Replacement of quicksort in java.util.Arrays with new dual-pivot quicksort

Hello All, 

I'd like to share with you new Dual-Pivot Quicksort which is faster than the 
known implementations (theoretically and experimental). I'd like to propose 
to replace the JDK's Quicksort implementation by new one. 

... 

The new Dual-Pivot Quicksort uses *two* pivots elements in this manner: 

1. Pick an elements P1, P2, called pivots from the array. 
2. Assume that P1 <= P2, otherwise swap it. 
3. Reorder the array into three parts: those less than the smaller pivot, 
   those larger than the larger pivot, and in between are those elements 
   between (or equal to) the two pivots. 
4. Recursively sort the sub-arrays. 

The invariant of the Dual-Pivot Quicksort is: 

[ < P1 | P1 <= & <= P2 } > P2 ] 

...

http://mail.openjdk.java.net/pipermail/core-libs-dev/2009-September/002630.html



private static void sort(Comparable[] a, int lo, int hi)  
{  
   if (hi <= lo) return;  
   int lt = lo, gt = hi; 
   Comparable v = a[lo];  
   int i = lo;  
   while (i <= gt)  
   {  
      int cmp = a[i].compareTo(v);  
      if      (cmp < 0) exch(a, lt++, i++);  
      else if (cmp > 0) exch(a, i, gt--);  
      else              i++;  
   } 

   sort(a, lo, lt - 1);  
   sort(a, gt + 1, hi);  
}  
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3-way quicksort:  Java implementation

lt

<v =v >v

gti

v

>v<v =v

lo hi

lt gtlo hi

before

during

after

3-way partitioning



 92

Sorting summary

inplace? stable? best average worst remarks

selection ✔ ½ N 2 ½ N 2 ½ N 2 N exchanges

insertion ✔ ✔ N ¼ N 2 ½ N 2 use for small N 
or partially ordered

merge ✔ ½ N lg N N lg N N lg N N log N guarantee; 
stable

quick ✔ N lg N 2 N ln N ½ N 2 N log N probabilistic guarantee; 
fastest in practice

3-way quick ✔ N 2 N ln N ½ N 2
improves quicksort 
when duplicate keys

? ✔ ✔ N N lg N N lg N holy sorting grail
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Dijkstra's 3-way partitioning:  trace

                              a[]
lt   i  gt    0  1  2  3  4  5  6  7  8  9 10 11 
 0   0  11    R  B  W  W  R  W  B  R  R  W  B  R
 0   1  11    R  B  W  W  R  W  B  R  R  W  B  R
 1   2  11    B  R  W  W  R  W  B  R  R  W  B  R
 1   2  10    B  R  R  W  R  W  B  R  R  W  B  W
 1   3  10    B  R  R  W  R  W  B  R  R  W  B  W
 1   3   9    B  R  R  B  R  W  B  R  R  W  W  W
 2   4   9    B  B  R  R  R  W  B  R  R  W  W  W
 2   5   9    B  B  R  R  R  W  B  R  R  W  W  W
 2   5   8    B  B  R  R  R  W  B  R  R  W  W  W
 2   5   7    B  B  R  R  R  R  B  R  W  W  W  W
 2   6   7    B  B  R  R  R  R  B  R  W  W  W  W
 3   7   7    B  B  B  R  R  R  R  R  W  W  W  W
 3   8   7    B  B  B  R  R  R  R  R  W  W  W  W
 3   8   7    B  B  B  R  R  R  R  R  W  W  W  W

v

3-way partitioning trace (array contents after each loop iteration)
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